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Abstract
The transition from ordered to disordered structures in Voronoi tessel-
lation is obtained by perturbing the seeds that were originally identified
with two types of lattice in 2D and one type in 3D. The area in 2D and the
volume in 3D are modeled with the Kiang function. A new relationship
that models the scaling of the Kiang function with a geometrical param-
eter is introduced. A first application models the local structure of sub-
and supercritical ammonia as function of the temperature and a second
application models the volumes of cosmic voids.
Keywords: Voronoi diagrams; Monte Carlo methods; Cell-size distribution
1 Introduction
The seeds in 1D, 2D and 3D Voronoi Diagrams are usually taken to be ran-
domly distributed, the so called Poisson-Voronoi tessellations (PVT) Okabe
et al. (2000). A first generalization of the PVT are the quasi random seeds, such
as the Sobol seeds Sobol (1967); Bratley, P. and Fox, B. L. (1988); Zaninetti
(1992, 2009); Zaninetti and Ferraro (2015) and the eigenvalues of complex ran-
dom matrices Le Caer and Ho (1990). A second major generalisation modifies
regular structures to produce non-Poissonian seeds for the Voronoi tessellation
(NPVT). We select some methods, including perturbation of cubic structures
Lucarini (2009), generation of seeds with controlled regularity Zhu et al. (2014),
an information geometric model to simulate graphene Dodson (2015), a 3D
topological analysis Lazar et al. (2015) and two-dimensional perturbed systems
Leipold et al. (2016).
The rest of this paper is organised as follows: In section 2, we first review
the existing formulae which model the areas and volumes in 2D/3D PVT. Af-
terwards, we introduce two models for NPVT, see Section 3. Two applications
are discussed in Section 4.
∗zaninetti@ph.unito.it
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Figure 1: Histogram (step-diagram) of the 2D PVT reduced area distribution.
2 Useful formulae in PVT
The probability density function (PDF) for segments (1D) in PVT is modeled
by a gamma variate
H(x; c) =
c
Γ(c)
(cx)c−1 exp(−cx) , (1)
where 0 ≤ x < ∞ , c > 0 and Γ(c) is the gamma function with argument c,
see formula (5) in Kiang (1966). In the case of 1D, c=2 which is an analytical
result. Conversely the PDF for areas in 2D and volumes in 3D was conjectured
to follow the above gamma variate with c=4 and c=6. Later on, the ”Kiang
conjecture” was refined by Ferenc and Ne´da (2007) with the following PDF
FN(x; d) = Const× x 3d−12 exp (−(3d+ 1)x/2) , (2)
where
Const =
√
2
√
3 d+ 1
2 23/2 d (3 d+ 1)
−3/2 d
Γ (3/2 d+ 1/2)
, (3)
and d(d = 1, 2, 3) represents the dimension of the considered space. This PDF
allows us to fix the ”Kiang conjecture” in c=3.5 and c=5 for the 2D and 3D
PVT case. A typical 2D result is reported in Figure 1 for the reduced area
distribution when the Poissonian seeds are 20000, d = 2 and c = 3.50.
The theoretical expected number of edges of a typical 2D cell is six, see Table
5.5.1 in Okabe et al. (2000) and our results are reported in Figure 2, in which
the averaged edges are 6.125.
In the 3D case Figure 3 reports the histogram for the volume distribution
when the Poissonian seeds are 4096, d = 3.03 and c = 5.05. and Figure 4
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Figure 2: Histogram of the expected number of edges in the 2D PVT.
the histogram of the number of faces with average value 14.897. A comparison
should be done with the expected value 15.535, see Table 5.5.2 in Okabe et al.
(2000).
2.1 The lognormal distribution
The lognormal PDF, fLN , is
fLN (x;m,σ) =
e−
1
2 σ2
(ln( xm ))
2
xσ
√
2pi
, (4)
where m is the median and σ the shape parameter, see Evans et al. (2000). The
distribution function (DF), FLN , is
FLN (x;m,σ) =
1
2
+
1
2
erf
(
1
2
√
2 (− ln (m) + ln (x))
σ
)
, (5)
where erf(x) is the error function, defined as
erf(x) =
2√
pi
∫ x
0
e−t
2
dt , (6)
see Abramowitz and Stegun (1965).
3 Non-Poissonian case
Two regular geometrical models are perturbed to have NPVT and a function
which models the transition from order to disorder is introduced.
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Figure 3: Histogram (step-diagram) of the 3D PVT reduced volume distribu-
tion.
Figure 4: Histogram of the expected number of faces in the 3D PVT.
4
Figure 5: An example of 2D LNPVT.
3.1 The modified lattice case
To have more flexible seeds we introduce the adjustable non Poissonian seeds
(LNPVT), which can be computed both in 2D and 3D following an algorithm
introduced in Zaninetti and Ferraro (2015). The algorithm is now outlined:
1. The process starts by inserting the seeds on a 2D/3D regular Cartesian
grid with equal distance δ between one point and the following one.
2. A random radius is generated according to the half Gaussian ,HN(x),
which is defined in the interval [0,∞]
HN(x; s) =
2
s(2pi)1/2
exp(− x
2
2s2
) 0 < x <∞ . (7)
A random direction is chosen in 2D/3D and the two/three Cartesian co-
ordinates of the generated radius are evaluated. These two/three small
Cartesian components are added to the regular 2D/3D grid which repre-
sent the seeds. To have small corrections, we express s in δ units.
3. We now haveN seeds and we can eliminate a given number of seeds , Nhole,
according to the rule Nhole = N × phole. This elimination of seeds will
allow a more disordered distribution of areas/volumes; otherwise specified
phole = 0.
Figure 5 reports an example of 2D tessellation from LNPVT in which s = 0.1
and we have 400 seeds.
An example of the presence of holes in this network for the seeds is reported
in Figure 6 where original seeds are 400 , s = 0.1 and phole = 0.19.
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Figure 6: An example of 2D LNPVT.
Another case uses the lattice points shifted of delta/2 between one row and
the following row as a first point of the suggested algorithm, we define it as tri-
angular non Poissonian tessellation, TNPVT. This tessellation will be produced
in 2D irregular hexagons, see Figure 7 where we have 400 seeds and s = 0.1.
3.2 Order-disorder transition
We can model the order disorder transition introducing the following function
for c of Kiang as in equation (1)
c(s; cmin, cmax, a) = cmax − (cmax − cmin)
(
1− e−a s) , (8)
where s is the scale of the half Gaussian, see equation (7), cmax and cmin are
the maximum and minimum value for c of Kiang and a is a scale to be found
from the fitting procedure. A typical 2D example for c as function of s is
reported in Figure 8 for the LNPVT case where cmin = 3.22 (the minimum),
cmax = 65.33 (the maximum) and a=2.11 and in Figure 9 for the LNPVT case
when cmin = 3.73, cmax = 83.06 and a= 1.9.
A 3D example for c as function of s is reported in Figure 10 for the LNPVT
case when cmin = 3.34, cmax = 454.12 and a=4.25.
4 Applications
Two applications are presented.
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Figure 7: An example of 2D TNPVT.
Figure 8: The Kiang parameter c as function of s for 2D LNPVT.
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Figure 9: The Kiang parameter c as function of s for 2D TNPVT.
Figure 10: The Kiang parameter c as function of s for 3D LNPVT.
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Figure 11: The Kiang parameter c as function of T.
4.1 An application to chemistry
The local structure of sub- and supercritical ammonia with 250K < T < 500K
has been extensively analyzed by Idrissi et al. (2011) and Figure 11 reports the
c of Kiang as function of the temperature for Figure 5 in Idrissi et al. (2011).
These values for c of Kiang are obtained from Figure 5 in Idrissi et al. (2011)
and we report as an example the deduction of the first couple: σV (A˚
3)= 4.33
,T (K) = 250.9, σ = 4.33250.9 = 0.017 which means c = 3356. Figure 12 reports
both the chemical and theoretical data: data with stars as deduced from Figure
5 in Idrissi et al. (2011) and full line derived coupling equations (8) and (9).
To set up the theoretical data from equation (8) the following relationship
has been used
T = 512× s0.096K . (9)
4.2 An application to cosmic voids
The catalog of the Baryon Oscillation Spectroscopic Survey (BOSS), see Mao
et al. (2017), reports the volume in units of Mpc3/h of 1228 cosmic voids where
h = H0/100 and the Hubble constant, H0, is expressed in km s
−1 Mpc−1. The
numerical analysis gives c = 0.02 for the distribution of the reduced volume
of cosmic voids and Figure 13 reports the distribution function (DF) of the
lognormal, see equation (5) with parameters as in Table 1.
These results for the cosmic voids can be simulated analyzing the distribution
of the reduced volumes in 3D tessellation from LNPVT, see Figure 14, where
we have 195112 original seeds, s = 10 and phole = 0.861. In this figure, the
lognormal DF is the full line and the parameters are as in Table 1, where D is
9
Figure 12: The Kiang parameter c as function of T.
Figure 13: Empirical DF of reduced voids distribution for BOSS (dotted line)
and lognormal DF (full line).
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Figure 14: Empirical DF of reduced volume distribution for 3D LNPVT.
the maximum distance between theoretical and observed DF , and PKS , is the
significance level, in the K-S test.
Table 1: Lognormal parameters for reduced volumes of cosmic voids and rela-
tive LNPVT simulation.
case parameters D PKS
astronomical observations m = 0.356; σ= 1.182 0.049 0.005
LNPVT simulation m = 0.195; σ=1.523 0.055 0.003
5 Conclusions
We perturbed the 2D seeds identified by a Cartesian and a triangular lattice,
as well the 3D seeds of a Cartesian lattice. The probability to have some holes
in the resulting 2D/3D seeds is introduced. The area and volume distribution
are modeled by the one parameter Kiang’s PDF. The transition from order to
disorder is parametrised by a geometrical variable, which regulates the strength
of the perturbation of the ordered seeds. Two applications are presented: one
to the local structure of sub- and supercritical ammonia and the second one to
the volumes of cosmic voids.
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